A high-order perturbation theory is presented for efficient and accurate computation of multiphoton and above-threshold ionization cross sections of atoms and molecules in weak to medium strength laser fields. The procedure is based on a Raleigh-Schrödinger perturbative expansion of the time-independent non-Hermitian Floquet Hamiltonian. The reduced Green function and generalized pseudospectral discretization techniques are extended to facilitate the calculation of complex quasienergy resonance states without the need of diagonalizing the full Floquet Hamiltonian. Explicit expressions are presented for the determination of intensitydependent total and partial rates and electron angular distributions. The theory is applied to a case study of multiphoton detachment of H Ϫ for a range of laser frequencies ͑corresponding to the absorption of a minimum of two photons͒ and laser intensities from 10 7 to 10 12 W/cm 2 . It is found that a 16th-order perturbative Floquet procedure provides an excellent description of the two-photon-dominant detachment processes for laser intensity up to 2ϫ10 11 W/cm 2 . The predicted electron angular distributions are in good agreement with recent experimental data.
I. INTRODUCTION
As early as 1975, Rescigno, McCurdy, and McKoy ͑RMM͒ ͓1,2͔ have outlined a method for calculating ͑one-photon, weak-field͒ atomic and molecular photoabsorption cross sections using a discrete L 2 basis set expansion and the complex scaling technique ͓3͔. The method has the advantage that it allows the calculation to be performed directly at the physical energies of interest and relies on no second procedure to construct the cross section. The most recent application of this procedure includes, for example, the accurate calculation of photoabsorption of Li, involving three active electrons and the use of the complex scaling saddle-point technique ͓4͔. However, the extension of the RMM procedure ͓1,2͔ to the multiphoton case has not been discussed so far. In principle, the non-Hermitian Floquet formalism ͓5,6͔ can be applied to the calculation of multiphoton absorption cross sections of atoms and molecules in both weak and strong fields ͓6,7͔; the procedure, however, involves the determination of the complex quasienergy states from the whole Floquet matrix. The motivations of this paper are twofold. First, we outline a procedure that works for both weak and intermediate laser intensities but does not require the diagonalization of the full Floquet matrix. Second, the method will not only provide an extension of the RMM method to the multiphoton and above-threshold ionization regime but also allow the examination of the intensitydependent behavior of electron angular distributions and partial rates in multiphoton detachment processes.
Our procedure is based on a high-order RayleighSchrödinger perturbative expansion of the time-independent non-Hermitian Floquet Hamiltonian and the use of the reduced Green-function technique. We note that an earlier attempt to make the connection of the Floquet matrix approach with the conventional continued-fraction expansion of resolvant matrix elements has been presented by Maquet, Chu, and Reinhardt ͓8͔ by means of the successive formal iteration of the Brillouin-Wigner expansion but no explicit implementation procedure and application has been made. Moreover, instead of using the L 2 basis set expansion techniques as in all the previous RMM-type calculations, we have adopted here the complex-scaling generalized pseudospectral ͑CSGPS͒ method ͓9͔ for the discretization of the Hamiltonian and the determination of the complex quasienergy resonances. As demonstrated in various recent atomic and molecular resonance calculations ͓9-11͔, the CSGPS method is simple to implement and computationally highly efficient and accurate.
The organization of this paper is as follows. In Sec. II, we present a high-order perturbative expansion of the nonHermitian Floquet Hamiltonian and introduce the reduced Green-function technique for the calculation of the successive higher-order complex quasienergy resonances. In Sec. III, we present the explicit expressions for the calculation of generalized cross sections for multiphoton ionization or detachment. In Sec. IV, the lowest-order perturbation theory for the electron angular distributions and partial rates for above-threshold multiphoton detachment is presented. Finally in Sec. V, we apply the procedure to the study of intensity-and frequency-dependent multiphoton detachment of H Ϫ . Comparison with the recent experimental data will be made.
tailed Nth-order perturbative analysis of the non-Hermitian Floquet Hamiltonian and explicit formulas for the determination of complex quasienergy resonances.
Consider an atomic or molecular system subject to the external time-dependent field. The total Hamiltonian Ĥ (t) is a sum of the unperturbed Hamiltonian Ĥ (0) and the interaction term Ĥ (1) (t) due to the external field:
The ͑many-body͒ wave function of the system depends on the coordinates of all particles as well as on time. We shall use the notation r for all the coordinates. The wave function ⌿(r,t) satisfies the time-dependent Schrödinger equation ͑in atomic units͒:
If the external field is periodic in time,
where T is the period, one can seek the solution of Eq. ͑2͒ in the form of the Floquet state:
͑r,tϩT͒ϭ͑r,t͒, ͑5͒
where is the quasienergy. Expanding the time-periodic wave function (r,t) and the external field Ĥ (1) (t) in Fourier series
one arrives at the following set of time-independent coupled equations for the Fourier components m (r):
is an eigenvalue problem for the quasienergy . For the special case of electric dipole coupling in the linearly polarized monochromatic field,
the summation in Eq. ͑8͒ contains only nϭm, mϮ1 terms. In the general case the quasienergy is complex valued:
where E ͑the real part of the quasienergy͒ describes the position of the shifted energy level in the external field, and ⌫ is the total ionization or multiphoton ionization rate. One can rewrite Eq. ͑8͒ in the form of the Floquet Hamiltonian eigenvalue problem:
where ជ represents the vector composed of the Fourier components m (r), and the Floquet Hamiltonian Ĥ F is defined by the left-hand side of Eq. ͑8͒.
To facilitate solving Eq. ͑11͒ for the complex quasienergies, we perform the complex-scaling transformation ͓3͔:
͑only radial coordinates are affected by this transformation; ␤ is the angle of complex rotation͒. Upon this transformation, the Floquet Hamiltonian Ĥ F "r exp(i␤)…ϵĤ F (␤) becomes non-Hermitian ͓complex symmetric if the unrotated Hamiltonian Ĥ F (r) is real͔, and the wave functions m "r exp(i␤)… become squared integrable. One can further perform an expansion of the Fourier components m "r exp(i␤)… on the basis of the angular momentum eigenstates, and a basis set expansion ͑or generalized pseudospectral grid discretization ͓9͔͒ of the remaining functions depending on the radial coordinates r. Then the solution of the Floquet Hamiltonian problem reduces to a complex matrix eigenvalue problem. We shall use the notation H F , H 0 , and V for the complex-rotated total Floquet Hamiltonian matrix, unperturbed Floquet Hamiltonian matrix, and perturbation matrix, respectively. The notation will be used for the complex-rotated eigenvector. The non-Hermitian Floquet formalism and its generalizations have been extensively applied to the study of atomic and molecular multiphoton processes in strong fields in the last two decades ͓5-7,10-12͔.
We now extend the Rayleigh-Schrödinger perturbation theory ͓13͔ to the non-Hermitian Floquet Hamiltonian matrix eigenvalue problem:
where H F ϭH 0 ϩV. We suppose that the eigenvalue problem for the unperturbed ͑complex-rotated͒ matrix H 0 ,
is solved, so the unperturbed eigenvalues k (0) and eigenvectors k (0) are available, the latter subject to the following biorthonormal relation:
͑15͒
Note that the inner product in Eq. ͑15͒ is defined in such a way that in the coordinate representation only the angular part of k (0) is complex conjugated but not its radial part. Let kϭ0 correspond to the state under consideration ͑the theory is not restricted to the ground state, kϭ0 can correspond to any state͒. Then the perturbed eigenvector 0 and eigenvalue 0 for this selected state can be written as
The expansions ͑16͒ and ͑17͒ are the perturbation theory expansions, and the terms 0 (n) and 0 (n) represent the nth order of the perturbation theory. The expansions ͑16͒ and ͑17͒ are unique provided the following biorthonormal relation is satisfied:
͑19͒
͑the corrections to the eigenvector are biorthogonal to the unperturbed eigenvector for any order of the perturbation theory͒. Substituting Eqs. ͑16͒ and ͑17͒ in Eq. ͑13͒ and collecting the terms of the same order, one arrives at the following recursive procedure to calculate the quantities 0 (n) and 0 (n) :
͑21͒
The recursive procedure starts with the initial terms for n ϭ1 which are as follows:
͑23͒
The inhomogeneous equations ͑20͒ and ͑22͒ can be solved with the help of the reduced Green-function matrix G. It is defined by the following expansion on the basis of the unperturbed eigenvectors:
.
͑24͒
Note that the term with kϭ0 is missing in the sum in Eq. ͑24͒, so G is a regular matrix in the case when the eigenvalue 0 (0) is not degenerate. The reduced Green matrix G can be easily constructed if all the eigenvectors and eigenvalues of the unperturbed ͑complex-rotated͒ Hamiltonian matrix H 0 are available. Using the matrix G to solve Eqs. ͑20͒ and ͑22͒, one can write
Now we take into account the structure of the unperturbed ͑complex-rotated͒ Floquet Hamiltonian matrix H 0 . First, it is a block-diagonal matrix with respect to the Floquet Fourier index m ͓see Eq. ͑8͔͒:
where h 0 is the field-free atomic ͑molecular͒ Hamiltonian matrix and is the external field frequency. The theory outlined above is exact for the general many-body problem. The following details ͑to the end of this section͒ apply only for the one-electron problem where the unperturbed Hamiltonian possesses spherical symmetry. Extension to the manyelectron case is straightforward. When using the angular momentum eigenstates basis set described above, the atomic Hamiltonian matrix h 0 is also block diagonal, each block corresponding to the angular momentum l:
(h 0,l is the radial Hamiltonian matrix for the angular momentum l). Thus the eigenvalues and eigenvectors can be enumerated with three indexes, the first of them corresponding to the atomic radial eigenstate ( j), the second one to the angular momentum (l), and the third one to the Floquet Fourier index ͑m͒ ͑we assume that the external perturbation possesses the axial symmetry like in the case of linearly polarized laser field, so the projection of the angular momentum onto the field axis is conserved and equal to that of the initial unperturbed state͒. Hence in the perturbation theory expressions above one has to make the following substitutions:
The eigenvalues j,l,m (0) are related to the eigenvalues E j,l of the atomic Hamiltonian h 0 ͓see Eq. ͑27͔͒:
We assume that the initial state 0 (0) corresponds to jϭ j 0 , lϭl 0 , and mϭ0. Consider the vector space of dimension NϫLϫM where N is the number of radial eigenstates ͑the number of radial grid points when using pseudospectral discretization͒, L is the number of angular momentum blocks, and M is the number of photon blocks retained in the Floquet Hamiltonian matrix H 0 . Then the eigenvectors j,l,m (0) have a block structure in this space just like the structure of the matrix H 0 :
͑33͒
Here the vectors j,l (0) and j,l (0) have dimensions NϫL and N, respectively. The vector j,l (0) is a field-free atomic radial eigenvector corresponding to the angular momentum l and the radial quantum number j. Substituting the expressions ͑31͒, ͑32͒, and ͑33͒ into Eq. ͑24͒, one arrives at the blockdiagonal structure of the reduced Green-function matrix G:
Here ͓ i,l (0) ͔ j are the components of the unperturbed atomic radial eigenvector, the indices m and mЈ span the interval ͓ M s ,M f ͔ ͑such that M f ϪM s ϩ1ϭM and the point mϭ0 is included͒, the indices l and lЈ vary within the interval ͓0,L Ϫ1͔, and the indices j and jЈ vary within the interval ͓0,N Ϫ1͔. Equation ͑34͒ is valid in general except for the m ϭ0, lϭl 0 case. In this special case the sum does not include iϭ j 0 :
͑35͒
As one can see, the reduced Green-function matrix G has a simple block structure that facilitates performing matrixvector multiplication in Eq. ͑26͒. The dimension of this matrix can be decreased by a factor 2 if the perturbation has a definite spatial parity, as is the case for the dipole interaction with the external field. In this case the perturbation matrix V couples m with mϮ1 and l with lϮ1. For example, if the unperturbed state has lϭ0, then even Floquet blocks of the reduced Green-function matrix contain only even angular momenta, and the odd Floquet blocks contain only odd angular momenta. For the linearly polarized external field with the field strength F and frequency , the perturbation timedependent operator is Ϫ(F•r)cos t. The photon and angular blocks of the corresponding complex-rotated matrix V appear as follows:
The radial structure of the matrix V depends on the basis set used to expand the radial functions. For the pseudospectral discretization of the radial coordinate r ͓9͔, the matrix V is diagonal with respect to the radial index j:
r j being the radial pseudospectral grid points.
With the reduced Green-function matrix G defined by Eqs. ͑34͒ and ͑35͒, and the perturbation matrix V defined by Eqs. ͑36͒ and ͑37͒, one can construct the nth-order correction to the quasienergy eigenvector according to Eq. ͑26͒ and the n-order correction to the complex quasienergy according to Eq. ͑21͒.
III. PERTURBATIVE EXPRESSIONS FOR GENERALIZED CROSS SECTIONS IN MULTIPHOTON IONIZATION OR DETACHMENT PROCESSES
Due to parity restrictions for the dipole interaction, the power series ͑17͒ for the perturbed complex eigenvalue contains only even powers of the external field F and can be written as follows:
The coefficients ␣ 2n represent hyperpolarizabilities and depend on the frequency of the external field. They are real numbers for nϽn 0 and complex numbers for nуn 0 where n 0 is the minimal number of photons required for electron detachment. The coefficients ␣ 2n can be represented as 2nth-order corrections to the quasienergy 0 (2n) if one assumes Fϭ1 in the definition of the perturbation ͓see, e.g., Eqs. ͑36͒ and ͑37͔͒:
͑39͒
Note that our coefficient ␣ 2 is related to the conventional dipole polarizability ␣ as follows:
The real part of the complex quasienergy in Eq. ͑38͒ yields the shift of the energy level in the external field whereas the imaginary part describes the ͑multiphoton͒ ionization or detachment rate ͑the rate ⌫ is equal to minus doubled the imaginary part of ).
The photon flux J corresponding to the electric field strength F and frequency is calculated according to
c being the velocity of light. The generalized cross section (n 0 ) of n 0 -photon-dominant detachment is defined as the ratio of the total ͑multiphoton͒ ionization or detachment rate ⌫ and n 0 th power of the photon flux J:
Note that the expression ͑42͒ is valid for both weak and strong fields. In the weak field limit, (n 0 ) becomes independent of the field intensity, and only the term with nϭn 0 in the right-hand side of Eq. ͑38͒ is to be included. The detachment rate ⌫ in this limit can be written as follows:
and the generalized cross section (n 0 ) can be expressed through the hyperpolarizability coefficient ␣ 2n 0 :
The generalized cross sections may be expressed in terms of the matrix elements involving the unperturbed ͑complex-rotated͒ initial-state wave function, reduced Green function, and the perturbation operator. For example, the one-and two-photon ͑weak-field͒ ionization or detachment cross sections are given by
Note that Eqs. ͑45͒ and ͑46͒ are not restricted to the perturbation form ͑36͒ and can be applied to many-body systems as well. Equation ͑45͒ reproduces, in a different notation, the result obtained by Rescigno and McKoy ͓1͔ for the onephoton case. Expression ͑46͒ is the generalization of RMM theory to the two-photon case, and so on. For the oneelectron system with the spherical-symmetric unperturbed Hamiltonian, the reduced Green-function matrix G and the perturbation matrix V are given by Eqs. ͑34͒ and ͑36͒, respectively. The ͑bra͒ radial wave functions in Eqs. ͑45͒ and ͑46͒ must not be complex conjugated, and the radial integrations are performed with the complex-rotated unperturbed wave function 0 corresponding to the complex-rotated Hamiltonian H 0 . For example, in the case of one-photon detachment of the initial s state ͑the unperturbed radial eigenfunction j 0 ,0 and unperturbed energy E j 0 ,0 ), the cross section ͑45͒ can be recast in a simple form involving the radial integrations only:
͑47͒
Again, it is assumed in Eq. ͑47͒ that the inner products involve the complex-rotated radial eigenfunctions ͉͗ without complex conjugation.
IV. LOWEST-ORDER PERTURBATION THEORY FOR THE ELECTRON ANGULAR DISTRIBUTIONS IN ABOVE-THRESHOLD DETACHMENT OF NEGATIVE IONS
We consider the electron energy and angular distributions for a multiphoton above-threshold detachment of negative ions such as H Ϫ , which can be accurately described by the one-electron model potential ͓14͔. The general nonperturbative expression in our previous Floquet calculations ͓12,15,16͔ will be employed:
Here,
is the electron drift momentum, and the n-photon detachment amplitude A n is defined as follows ͑linear polarization of the external field is assumed͒:
F and being the laser field strength and frequency, respectively, W(r) being the electron-core interaction potential. The vector k n has the direction under which the ejected electrons are detected. Expression ͑48͒ is valid in the general nonperturbative case. Instead of using the perturbative expansion of Eq. ͑48͒, which can be tedious, we shall present here only the lowest-order perturbation theory ͑LOPT͒ for the electron angular distributions in the multiphoton abovethreshold detachment processes, which is useful in the weaker field regime. That means we expand Eq. ͑48͒ in power series of F and retain only the lowest power of F for each number n of absorbed photons. Obviously, the n-photon detachment amplitude A n within this approximation scales with the factor F n . To obtain the LOPT approximation for A n , note that the Fourier components of the quasienergy wave function (r,t) within LOPT also scale with the appropriate power of F, so the following equation holds:
Here the functions m (r) do not depend on F. They can be represented as a series on the basis of the Legendre polynomials depending on the angle between r and F:
͑52͒
Inserting Eqs. ͑51͒ and ͑52͒ into Eq. ͑50͒, making the expansion in powers of F and retaining only the lowest power for each n, one obtains the following LOPT result for the n-photon detachment amplitude A n :
with being the angle between k n and F. Due to definite parity of the perturbation, the sum in Eq. ͑53͒ contains only even or odd angular momenta l, depending on the number of absorbed photons n and the initial state parity. The partial angular amplitudes a n,l are defined as follows:
In Eq. ͑54͒,
ͪ stands for the Wigner 3 j symbol; j l (x) is the spherical Bessel function. The sums over l 2 and l 3 span the intervals from 0 to n 2 and from 0 to n 3 , respectively. They include only even values for even n 2 and n 3 , and only odd values for odd n 2 and n 3 , respectively. The ejected electron momentum k n (0) within LOPT is defined as
The integration with respect to the radial coordinate r in Eq. ͑54͒ is performed along the real axis r, so the back-rotation procedure ͓17͔ can be used to obtain the wave function for real values of the radial coordinate. Although Eq. ͑54͒ contains multiple summations, it is easy to program and compute. In the one-photon case, an explicit form of Eq. ͑54͒ for the initial s state reads as
The LOPT angular distributions are calculated according to the following expression:
The partial rates ⌫ n corresponding to absorption of n photons can be obtained by the integration of Eq. ͑57͒ over the whole angular range:
V. A CASE STUDY: CALCULATIONS OF COMPLEX QUASIENERGIES AND ELECTRON ANGULAR DISTRIBUTIONS FOR MULTIPHOTON DETACHMENT OF H

؊
We have performed the calculations for the negative ion H Ϫ described by an accurate one-electron model ͓14͔. It reproduces both the exact experimental binding energy ͓18͔ and the low-energy eϪH(1s) elastic scattering phase shifts. The one-photon detachment cross sections based on this model potential are in excellent agreement with earlier accurate two-electron calculations ͓19,20͔. Using this model potential, Wang et al. ͓21͔ have performed detailed nonperturbative Floquet studies of the frequency-and intensitydependent multiphoton detachment of H Ϫ and their results were in good agreement with the experimental data of Tang et al. ͓22͔ . Our recent nonperturbative Floquet study of the electron angular distributions associated with the abovethreshold multiphoton detachment of H Ϫ by 1064-nm laser field ͓16͔ and that of the two-photon angular distributions near one-photon threshold ͓12͔, again using this model potential, is also in good harmony with the recent experimental work of Zhao et al. ͓23͔ and of Praestegaard et al. ͓24͔ , respectively. In our recent nonperturbative Floquet studies ͓12,16,21͔, the CSGPS method ͓9͔ is used for the discretization and solution of the non-Hermitian Floquet Hamiltonian. The CSGPS method is found be both accurate and computationally highly efficient and is applicable to both low-lying and highly excited atomic and molecular resonance states ͓9-11͔. A detailed description of the uniform and exterior complex-scaling pseudospectral discretization can be found elsewhere ͓12͔. In the present calculations we make use of the uniform CSGPS method. Up to 100 radial grid points is used for CSGPS discretization, which is sufficient for full convergence of the complex quasienergies and eigenvectors to machine precision. For the highest ͑16th͒ order of the perturbation theory used in the present calculations, the number of angular momenta needed is 9 (lϭ0 -8͒. In the range of the validity of the perturbative method discussed here, the high-order perturbative Floquet procedure is computationally far less demanding than the full nonperturbative Floquet approach, since only the diagonalization of several unperturbed matrices ͑of different angular momentum͒ of small dimension ͑up to 100 ϫ100) is needed. Moreover the same matrix information can be stored and used for the construction of the reduced Greenfunction matrices for different laser frequencies. In addition to the computational advantage, the perturbative Floquet approach also allows the examination of the intensitydependent behavior of multiphoton processes order by order.
First, we have performed the calculations to determine the range of the laser field intensities where the perturbation theory applies. We have calculated the complex quasienergies and partial detachment rates for the fixed wavelength ϭ1.908 m (ϭ0.02388 a.u.͒, used in experiment ͓24͔. This wavelength corresponds to the two-photon-dominant detachment case (n 0 ϭ2). The calculations have been performed for several intensities of the external field, using the present perturbative approach and nonperturbative Floquet method employed in our previous studies ͓12,16͔. The results are shown in Table I for the complex quasienergies and in Table II for the partial rates. For the complex quasienergies, the full high-order perturbation theory of Sec. II was applied ͑maximum to the 16th order for higher intensities͒ whereas for the partial rates the LOPT of Sec. IV was used. As one can see from Table I , the high-order perturbative description is excellent for the intensities as high as 2 ϫ10 11 W/cm 2 . For the highest intensity presented (2 ϫ10 11 W/cm 2 ) here, the 16th-order perturbative result is converged to five digits of accuracy for the level shift and within 0.03% for the width. This intensity is about the strongest intensity considered in the experiments ͓22͔ and ͓24͔.
We have also studied the higher-intensity cases. For laser intensity larger than 4ϫ10 11 W/cm 2 , the 16th-order perturbative calculation is not sufficient to achieve full converged results. For even higher intensity, other high-order resummation technique ͑such as Padé approximation͒ may be used to facilitate the convergence but this is not the focus of this paper. Alternatively one can simply extend the nonperturbative Floquet method for stronger field cases. We also note that the perturbative Floquet approach should be applicable to significantly larger intensity for neutral atoms and molecules since the electron-binding energies there are order͑s͒ of magnitude larger than those of negative ions. Table I contains also the LOPT results for the complex quasienergies ͑corresponds to the fourth-order perturbation theory for the two-photon detachment͒. As shown, the LOPT is adequate for laser intensity up to 10 9 W/cm 2 , but it begins to show deviation from the nonperturbative results as the laser intensity approaches 10 10 W/cm 2 . At the intensity 10 11 W/cm 2 the discrepancy between LOPT and nonperturbative quasienergies is already quite significant, and the LOPT description of the total detachment rates becomes completely inadequate. Table II shows the comparison of the partial rates calculated by the LOPT and nonperturbative Floquet method. Similar to the total rates, the LOPT is excellent for laser intensity less than 10 9 W/cm 2 but becomes inadequate for intensity larger than 10 10 W/cm 2 . In Figs. 1 and 2 we present the ͑weak-field͒ generalized cross sections of multiphoton detachment calculated according to Eq. ͑44͒. The calculations were performed for threeand eight-photon detachment frequency ranges. Our present LOPT-Floquet results are in complete agreement with the previous calculations by Laughlin and Chu ͓14͔ obtained with the use of conventional perturbation theory and Dalgarno-Lewis procedure ͓25͔, using the same model potential for H Ϫ ͓14͔. The agreement demonstrates the numerical accuracy and convergence of the present perturbative Floquet procedure.
The dependence of the complex quasienergies on the intensity of the laser field is determined by the coefficients ␣ 2n ͓see Eq. ͑38͔͒. For the frequency range corresponding to the two-photon-dominant case (n 0 ϭ2), the coefficients ␣ 2n are listed in Table III . The imaginary part of the coefficient ␣ 4 can be used for calculations of the two-photon generalized cross section according to Eq. ͑44͒. Note that imaginary parts of higher hyperpolarizability coefficients (␣ 6 to ␣ 10 ) are often positive. That means the contribution to the total detachment rate from the particular above-threshold detachment rate is overridden by the negative higher-order corrections to the above-threshold rates for lower number of photons absorbed. For example, the positive imaginary part of ␣ 6 means that the contribution to the total rate from the three- photon above-threshold detachment is completely reversed by the negative six-order contribution to the two-photon detachment rate. The LOPT partial angular amplitudes a n,l ͓Eq. ͑54͔͒ for the same frequency range corresponding to n 0 ϭ2 are presented in Table IV . Also shown are the weights in the partial detachment rate ⌫ n of the electrons ejected with the particular angular momentum l. For the two-photon detachment, one can see how the weights of s and d electrons vary as the frequency increases. At the beginning of the frequency range, for the frequencies close to the two-photon threshold ͑0.013 87 a.u.͒, the weight of the s electrons is almost 100%, in accordance with the Wannier threshold law. With the frequency increasing, the weight of d electrons also increases, and at the end of the frequency range, in the vicinity of the one-photon threshold ͑0.027 73 a.u.͒, the situation is almost reversed. The d electrons constitute about 95% of the total population after two-photon detachment. This result was also obtained in our previous nonperturbative Floquet calculation ͓12͔ ͑for the intensities equal or less than 10 11 W/cm 2 ) and confirmed experimentally ͓24͔. The tendency is preserved for higher frequencies where one-photon detachment is possible. Our previous nonperturbative Floquet calculations of multiphoton detachment by 1064-nm radiation ͑well above the one-photon threshold͒ ͓16͔ also give about 90% of d electrons in the two-photon above-threshold rate.
For the above-threshold detachment ͑corresponding to three to five photons absorbed͒, the variation of the different angular momenta populations is not monotonous within the frequency range between the two-photon and one-photon thresholds. In general, the weight of the lowest angular momentum increases at the beginning of the frequency range, reaches its maximum, and then decreases as the frequency approaches the one-photon threshold. The behavior of the highest angular momentum population is opposite; first it decreases, reaches its minimum, and then increases. One can notice that for all above-threshold channels ͑three to five photons absorbed͒ the weight of the highest angular momentum is larger at the high-frequency end of the interval than at the low-frequency end.
In summary, we have presented a high-order perturbation Floquet approach for the calculation of the complex quasienergies and electron angular distributions. The method does not require the diagonalization of the full Floquet Hamiltonian matrix, and the block structure of the unperturbed Floquet Hamiltonian matrix greatly facilitates the calculations. The comparison of the perturbative and nonperturbative results in the model potential H Ϫ calculations shows that the high-order perturbation theory description of the total detachment rates is adequate for weak and medium strong laser fields ͑up to the intensity 2ϫ10 11 W/cm 2 for the twophoton-dominant frequency range͒. The LOPT description of TABLE IV. Partial angular amplitudes a n,l for the above-threshold detachment of H Ϫ . The frequency range corresponds to the minimum of two absorbed photons. The column ''%'' shows the percent weight of the electrons with the particular angular momentum in the partial detachment rate ⌫ n . The numbers in square brackets indicate the powers of 10. the partial detachment rates and angular distributions is valid for lower intensities ͑approximately, up to 10 10 W/cm 2 ). In conclusion, the present perturbative Floquet approach provides an accurate description and a computationally efficient procedure for the calculation of multiphoton and above-threshold ionization cross sections in weak and medium strong fields. It should be applicable to a wide range of atomic and molecular multiphoton processes. Application of the procedure to the study of two-and three-active-electron systems is in progress. 
